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Abstract

A numerical study was performed, to investigate the influence of applied pure shear on the natural frequencies of flat iso-

tropic rectangular plates with simply supported boundary conditions all around their perimeter. Various aspect ratios were
investigated, and their relevant buckling loads and modes were calculated using the ANSYS Workbench 2020 FE code. It
was found that the frequency squared vs. the applied pure shear relationship displays a non-linear behavior. This behavior

can be approximated with a high confidence when fitting a 4th order polynomial equation to the numerical curve. The

number of points used to fit the polynomial equation and predict the flat plate pure shear-buckling load was investigated

yielding a recommended value of points till 70% N_  to be used for engineering purposes.

Keywords: VCT, Buckling; Thinwalled Isotropic Rectangular Plate; Natural Frequencies; Relationship Between Frequen-

cies Squared And Applied Shear Load.

Introduction

Thin walled structures, like columns, plates and shells are liable
to buckling when subjected to axial compressive loads. Although
the buckling loads of those basic structures can be analytically
calculated, their experimental values are found to be less than the
numerical predictions. This is due to the real boundary condi-
tions of the tested specimens, the initial imperfections of the
structure and the load eccentricity induced during the tests. Not
all those factors can be a priori taken into account, leading to
over prediction of the buckling loads using analytical formulas
of by modeling the thin structure with a finite element code. The
disctepancy between the experimental and numerical/analytical
predictions leads to the including of a knockdown factor (less
that unity). This factor multiplies the numerical/analytical buck-
ling load value to yield a design buckling value for the thin walled
structures. As the knockdown factor is based on the lower value
for all the experimental results included in the database for a cer-
tain thin walled structure, the resulting structure will have higher
thickness, thus reducing its stiffness/mass advantage. The striving
of an engineer is to be able to nondestructive predict the actual
in-situ buckling loads of a thin walled structure, and thus save
weight of the structure. One of those methods is the VCT (vibra-
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tion correlation technique).

The vibration correlation technique (VCT) consists of measur-
ing the natural frequencies of a loaded structure, and monitoring
their change, while increasing the applied load. Assuming that the
vibrational modes are similar to the buckling ones, one can draw
a curve, displaying the natural frequencies squared vs. the applied
load, and extrapolating the curve to zero frequency would yield
the predicted buckling load of the tested structure. In [1] Abram-
ovich, dedicated a whole chapter in his book, to review the VCT
approach and its applications. The subject was also presented in
details in [2].

Besides its capability to nondestructively predict the buckling load
of thin walled structures, the approach can also determine the
actual in situ boundary condition of the structures, and therefore
the VCT is usually classified in two main groups according to their
approach: (1) determination of in situ boundaty conditions, and
(2) direct prediction of buckling loads.

The VCT method has been successfully applied to beams and
columns axially loaded, (see for example Refs.[2-17]), yielding a
straight line between the frequency squared and the compres-
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sive load for both theoretical and experimental cases. Taking into
account the differential equation for an isotropic column with
constant properties EI along its length L, compressed by an axial
loading P and undergoing small vibrations at a circular frequency
o, which can be presented as

84W(x) 82W(x)
P
ox* ox*

one can easily find the buckling load P_ and its fundamental fre-
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quency f, for a column on simply supported boundary conditions.
Their relevant expressions are
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where pA is the mass per unit length. Using the definitions in
Eq. 2, it is easy to find the following relationship between the
compressive load and the natural basic frequency of the column:

+
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where f and f are the measured frequency and its value at zero
compressive load, respectively and p and Pcr are the experimental
applied compressive load and its buckling value at zero frequency,
respectively.

One should note that other cases of columns, like a compressed
column on Winkler-type foundation, laminated symmetric and
non-symmetric compressed columns using either CLT (Classical
Lamination Theory) or FOSDT (First Order Shear Deformation
Theory) theories 1] would also comply with the expression pre-
sented by Eq.3.

The application of VCT on perfect plates and shells, for com-
pressive loading has also being dealt in the literature as presented
in Refs. [17-26] and [27-44], respectively. For perfect rectangular
isotropic plates the differential equation of motion can be written

as [1]
4 4 4
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where E is the Young' modulus, h=plate thickness and ph=mass
per unit area of the plate.

N and N are the in-plane loads per unit length in the x and y
directions, respectively.

For a simply supported all around case, one obtains the following
expressions for the natural frequencies and the buckling loads for
compression in the x only or y only directions:

https://scidoc.otg/IJASAR.php

Keeping in mind the expressions in Eq. 5, and using Eq. 4 one
obtains the following equation
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which is similar to Eq. 3, namely the frequency squared is lin-
early dependent on the compressive loads, as was shown above
for columns. This linear equation was shown to be also true in
experiments, see for example [18]. However, as in real life plates
have some initial imperfections, the theoretical linear relation-
ship cease to be true as the compressive load is approaching the
buckling load [21]. At the buckling load, which does not occur
at zero frequency, and afterwards, the curve starts to raise again
with the increasing of the compressive load. Experimentally, the
point where the curve changes its tendency would be the VCT
predicted buckling load.

As pointed out in [1, 2], also for cylindrical shells compressed
axially a linear theoretical curve exists for the square of the low-
est natural frequency and the applied compressed load. However,
when trying to apply the VCT to a cylindrical compressed shell,
the linear relationship predicts higher and wrong buckling loads.
The literature presents two applications to correctly predict the
buckling loads of cylinders. The first one is attributed to Souza et
al. [30-32] that suggested using the following relationship

(1-p) +(1=-&)(1-1*) =1 —0)

where £ is the “experimental” knock-down factor based on the re-
sults of the test, at relatively low loads. The procedure starts with
the acquisition of the natural frequencies at zero axial load. Then
the load is increased and the nondimensional frequency f is calcu-
lated for each load step, by normalizing the measured frequency
at a compression load P by the frequency at zero compression.
Then the load P is also normalized by the numerical buckling
load P_ to yield the variable p. At about 60% of the calculated
buckling load the test is stopped, a straight line is drawn, starting
at point [(1-f)=0,(1-p)2=1] dll point (€%,(1-f)=1]. The value of &
is determined as the cross point between the oblique line and the
vertical line at (1-f*)=1. The application of Eq. 7 was shown to
provide good results for stringer stiffened circular isotropic shells
[30]. Another application is the empiric relationship suggested by
Arbelo et al. [34, 35]. The empirical approach is based on the
modification of Eq. 7 yielding the following relationship

I-p=f>=1-(1-1?)
= (1-p) =[1-(1-/* )]2
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Then a graph of (1 - p)* vs. (1 - f) is constructed based on a typi-
cal test. Following the definitions of p and f, presented in Eq. 7,
a best fit second order equation is approximated based on the
experimental points. The fitted second order polynomic curve of
the measured experimental natural frequencies would have the
following expression:

(1-p) =a(1=7*) +B(1-1*)+x — ©)

with the values of the constants «, 3 and y being determined by
the best fit process. Finding the minimal point of the second oz-
der equation presented in Eq. 9 yields

(1-77) = —ﬁ—>(1—p)2 =l_ﬂ_25 £ (10)
min 2 a min 4 o

with £ being the "knock-down factor" which represents the drop
in the shell load carrying capacity, like Souza et. al [30] method,
presented above, leading to the prediction of the in-situ tested
specimen using the following form:

ered‘ :(1_6)})& “““ (11)

The use of Arbelo's empirical method provided very good results,
as shown in Ref. [33-44].

When trying to apply the VCT to plates loaded in pure shear ,due
to the complexity of the problem , the linear relationship present-
ed before does not hold anymore, and a new procedure should
be used. The influence of shear on the natural frequencies of a
flat plate was rarely treated in the literature (see [45-60]) with no
decisive formulation. Therefore, the present study is intended to
provide an application aimed to allow predicting the buckling of a
flat plate under pure shear, by monitoring its natural frequencies.

A flat isotropic plate under shear
Figure 1 presents a rectangular isotropic flat plate, having the
thickness h, length a and width b under shear loads N__per unit

length.

The differential equation for this case can be written as

https://scidoc.otg/IJASAR.php

Due to its problematic appearance of Eq. 12, there is no closed
form expression for the critical shear (or shear stress) loading
Only approximate solutions are available in the literature. One of
those solutions is the one presented by Timoshenko & Gere [61]
and can be presented as

7Z'2D:>(

The factor £ depends on the aspect ratio (a/b) of the flat rectan-
gular plate as presented in Table 1 (from [61]).

For larger aspect ratios, the following approximation should be
used (see [61]):

2
k=5.35+4(ﬁj ----- 149

a

The natural frequency expression for the unloaded case keeps it
value as it was shown above in Eq. 5.

To investigate the relationship between the shear load and the nat-
ural frequency of a flat rectangular plate, a finite element model
using ANSYS Workbench 2020 (Student Version) [62] was con-
structed and its results are next presented.

The finite element model consists of a 100 x 100 mm? plate with
a thickness of 1 mm. The chosen material has a Young's modulus
of 200 GPa, a Poisson's ratio of 0.3 and a density of 7850 kg/m’.
The basic square model had 50 x 50 Quad elements. To enable
simulations for vatious aspect ratios (AR=a/b) the basic model
was enlarged in the x direction, yielding 50*AR elements. Figure
2 presents the application of the shear forces and the applied
boundary conditions to simulate the demanded simply supported
all around the plate circumference.

Results

The buckling load calculated by the finite element code are pre-
sented in Table 2 for various aspect ratio of the plate and com-
pared to the theoretical values obtained thru Eqgs.13 and 14.

o'W (x, o'W (x, o'W (x, oW (x,
D[ (; ), ,0 ! 2(xzy)+ ﬂ(f y)}phwzw(x,y):zsz (x.7) . .
ox ox“oy oy CC 12) As one can see, the results from the finite element code are in very
where D - E? good agreement with the theoretical ones, the largest deviation
12(1-0%) being 1% for AR=3. The buckling mode shapes are presented in
Figure 1. A rectangular flat plate under pure shear.
Table 1. Variation of the k factor with plate aspect ratio, a/b.
a/b 1 1.2 1.4 1.5 1.6 | 1.8 2 2.5 3 4
k 9.34 8 7.3 7.1 7 6.8 6.6 6.1 59 | 5.7
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Fig, 3.

Next, the natural frequencies for various levels of the shear load
were calculated and presented in Figs. 4-7, for AR=1, AR=1.5,
AR=2 and AR=3, respectively.

As can be seen from Figs. 4-7, the first frequency mode of bend-
ing changes its shape and rotates along the main diagonal line of
the plate's surface, till its shape is identical to the buckling mode
shape (see Fig, 3). Note the interesting phenomenon presented in
Fig. 6 , where for an aspect ratio of AR=3, the frequency mode
shape changes it shape from one a single oblique half at 70% of
FE buckling load wave to two oblique half waves at 90% of the
FE buckling load, which is the exact buckling mode as displayed
in Fig, 3.

https://scidoc.otg/IJASAR.php

Figure 8 displays the vatiation of the frequency squared with the
increasing of the shear load, for aspect ratios of AR=1, 1.5, 2 and
3. The fourth order polynomial equation fitted to the FE calcu-
lated values is presented for each graph and includes its relevant
R? value (how good is the fitted polynomial equation for the given
data, with R*=1 been a 100% fitting).

The calculated buckling loads, using the various fitted polynomial
equations are presented in Table 3, together with the reference-
buckling load, as calculated by the FE code.

Table 4 presents the various deviations of the predicted buckling
loads from its relevant numerical buckling loads for various aspect
ratios. One can see that the predicted buckling loads when taken

Figure 2. Boundary conditions and shear load application.

Figure 3. Buckling mode shapes for various aspect ratios (AR).

Table 2. Theoretical and numerical buckling loads for various aspect ratios.

a/b 1 1.5 2 3 5 7 10

k 9.34 7.1 6.6 5.9 5.55 5.43 5.41
Theoretical buckling force [N/mm] 168.83 [128.34 | 119.3 | 106.65 [ 100.32 | 984 | 97.79
Numerical (FE) buckling force [N/mm] | 168.2 | 127.7 | 1184 | 105.6 100 | 98.15 | 974
% deviation 0.37 0.5 0.75 0.99 0.32 0.25 0.34

Figure 4. The evolution of the first frequency bending mode with increasing the shear load for AR=1.
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Figure 5. The evolution of the first frequency bending mode with increasing the shear load for AR=1.5.

Figure 6. The evolution of the first frequency bending mode with increasing the shear load for AR=2.

Figure 7. The evolution of the first frequency bending mode with increasing the shear load for AR=3.

Figure 8. Frequency squared vs. applied shear load for various aspect ratios of the plate.

into account 100% N_ r of the points ate in a very close proxim-
ity with the numerical buckling loads (deviations between 0.33%
and -1.83%). However, the prediction procedure should use much
less points to be used as a VCT approach. As is depicted in Table
3, taking into account 70% N_  points also leads to a good prox-
imity to the numerical buckling loads (deviations between -1.56%
and 4.32%). This proximity deteriorates for points up to 60% N _
v (deviations between -4.98% and 16.44%) and up to 50% N
(deviations between -7.10% and 40.53%).

xycr

Based on the above results, to use the present method as a VCT
approach, it is recommended to use points up to 60% or 70% of
the calculated buckling loads.

Conclusions

A study was initiated to investigate the changes in the natural fre-
quencies of flat isotropic rectangular on all around simply sup-
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Table 3. Numerical and predicted buckling loads for various aspect ratios and amount of data.

a/b 1 1.5 2 3
Numerical (FE) buckling force [N/mm] 168.2 127.7 118.4 105.6

Calculated buckling force using the polynomial equation [N/mm]:
y = 5-10x" — 0.034x" — 3.2957x* — 76.517x + 229630
R = 0.9998 168.76

(for all frequencies till 100%N_ )
Calculated buckling force using the polynomial equation [N/mm]:

y = 6-10"x — 0.0253x° — 4.9142x> = 13.339x + 229347
R* = 0.9999 173.99

(for all frequencies till 70%*N_ )
Calculated buckling force using the polynomial equation [N/mm]:
y = =7-10%x" - 0.0015x° - 6.2917x" + 10.482x + 229319
R = 09998 165.33
(for all frequencies till 60%*N_ )
Calculated buckling force using the polynomial equation [N/mm]:

»y = —0.0005x"+ 0.0711x" — 9.8269x" + 61.38x + 229284
R* = 0.9995 120.69

(for all frequencies till 50%*N_ )
Calculated buckling force using the polynomial equation [N/mm]:
¥ = —0.0004x* + 0.063x" — 9.2619x> + 68.721x + 119650
R = 0.9996 128.56
(for all frequencies till 100%N_ )
Calculated buckling force using the polynomial equation [N/mm]:
y = —0.0006x" + 0.0762x' ~ 9.1338x" + 51.072x + 119732
R = 09998 120.53
(for all frequencies till 70%*N_ )

Calculated buckling force using the polynomial equation [N/mm]:
» = 0.00018x* — 0.0496x° — 3.5888x — 21.933x + 119799

R = 129.35
(for all frequencies till 60%*N_ )
Calculated buckling force using the polynomial equation [N/mm]:
y = —0.0004x" + 0.0338x" — 6.668x" + 11.72x + 119782 120,16

R> =1
(for all frequencies till 50%*N_ )
Calculated buckling force using the polynomial equation [N/mm]:

y = ~0.0005x* + 0.0553x° — 6.5613x> + 28.774x + 89792

R = 09999 116.23
(for all frequencies till 100%N_ )
Calculated buckling force using the polynomial equation [N/mm]:
y = —0.0008x" + 0.1032x’ — 8.6856x + 56.624x + 89765
R = 09996 114.42
(for all frequencies till 70%*N_ )
Calculated buckling force using the polynomial equation [N/mm]:
¥ = -0.00006x" — 0.0712x" — 1.5764x — 29.913x + 89838
R = 0.9999 97.71
(for all frequencies till 60%*N_ )
Calculated buckling force using the polynomial equation [N/mm]:
¥ = —0.0006x* + 0.0512x* = 5.7754x" + 12.644x + 89818
R =1 110.62
(for all frequencies till 50%*N_ )
Calculated buckling force using the polynomial equation [N/mm]:
y = —0.0021x* + 0.2798x" — 14.418x* + 153.89x + 70832
R = 09991 103.99
(for all frequencies till 100%N_ )
Calculated buckling force using the polynomial equation [N/mm]:

y = 6-10%x = 0.0253x' — 4.9142x> = 13.339x + 229347
R* = 0.9999 108.48

(for all frequencies till 70%*N_ )
Calculated buckling force using the polynomial equation [N/mm]:
y = —0.00009x* — 0.0866x° + 0.25x° — 27.883x + 71040
R* = 0.9997
(for all frequencies till 60%*N_ )

Calculated buckling force using the polynomial equation [N/mm]:

y = —0.0005x" + 0.0711x* — 9.8269x> + 61.38x + 229284
R = 0.9995 127.385

(for all frequencies till 50%*N_ )

90.645
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Table 4. Predicted buckling loads for various aspect ratios and their deviation from the numerical buckling load.

Num. bucklin Predicted buckling | Predicted buckling | Predicted buckling | Predicted buckling
a/b 101; . -[NU/mm ]g load [N/mm] load [N/mm] load [N/mm] load [N/mm]
(ti1100% N_ ) (i 70% N_ ) (ti160% N _ ) (ti150% N_ )
173.99 165.33 120.6
1 168.2 168.76 (dev.=0.33%)*
(dev.=3.09%) (dev.=-4.98%) (dev.=-27.06%)
128.56 120.53 129.35 120.16
1.5 127.7
(dev.=0.67%) (dev.=-6.25%) (dev.=7.31%) (dev.=-7.10%)
) 118.4 116.23 114.42 97.71 110.62
’ (dev.=-1.83%) (dev.=-1.56%) (dev.=14.6%) (dev.=13.21%)
3 105.6 103.99 108.48 90.645 127.384
' (dev.=-1.52%) (dev.=4.32%) (dev.=16.44%) (dev.=40.53%)

*The deviation (dev.) was calculated according to the following formula:

(Num. buckling  load — predicted  buckling  load )
(Num.  buckling load)

A positive value of the deviation would mean that the predicted buckling load is higher than the numerical one, while negative values

would mean that the predicted buckling load is lower than the numerical buckling load.

ported boundary conditions under increasing pure shear, till buck-
ling. This case differs completely from the cases of plates under
compressive loads for which the square of the natural frequency
is inverse linearly to the applied compressive loads. The frequency
squared for a plate under increasing shear shows a non-linear be-
havior, which should be defined. The results of the investigation
for flat plates with aspect ratios of AR=1, 1.5, 2 and 3, show that:

* The relationship between the applied shear load and the fre-
quency squared can be approximated using a fitted 4th order poly-
nomial equation, when using frequencies from zero till buckling,
The deviation between the predicted buckling load and the cal-
culated FE buckling load is very low and ranges from 0.33% to
-1.83%.

* Using only part of the points, from zero to 70%Nxycr and fit-
ting a 4th order polynomial equation, yield also good results with
deviations ranging between -1.56% and 4.32%, which, from the
engineering point of view can be considered a good tool to pre-
dict buckling under pure shear.

* Trying to reduce the points used to fit a 4th order polynomial
equation up to 60%Nxycr or 50%Nxycr would predict buckling
loads with large deviations (larger than 5%) from the numerical
FE buckling load.

¢ It is recommended that the user would use points up to 70%Nx-
yct, to predict the pure shear buckling load of a flat isotropic
rectangular plate on simply supported boundary conditions with
a high level of confidence.

* It was observed that the first mode changes its shape during
the increasing of the shear load and rotates to yield the inclined
buckling mode of the plate under shear.

* Moreover, for an aspect ratio of AR=3, the one oblique half
wave frequency mode, would jump to two inclined half waves
frequency modes when applying 70% N
up to buckling under shear.

wer and it keeps this form
* One has to remember, that once geometric imperfections are
taken into account, and the plate is no more flat, the equations of
motion would change and the frequency squared vs. the applied
shear load relationship might be different. For plates under com-

pressive loads, experiments show that the frequency squared does
not diminish to zero at the buckling load. Instead, the reduction
of the frequency squared changes its tendency at the buckling
load and starts increasing its value. The load, at which the curve
changes its tendency, would be defined as experimental buckling
load. This behavior is expected to appear also in experiments on
plates under pure shear loads.
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